In the present study we investigate computationally the deformation of an elastic capsule in a rectangular microfluidic channel and compare it with that of a droplet. In contrast to the bullet or parachute shape in a square or cylindrical channel where the capsule extends along the flow direction, in a rectangular channel the capsule extends mainly along the less-confined lateral direction of the channel cross-section (i.e. the channel width), obtaining a pebble-like shape. The different shape evolution in these two types of solid channels results from the different tension development on the capsule membrane required for interfacial stability. Furthermore, in asymmetric channel flows, capsules show a different deformation compared to droplets with constant surface tension (which extend mainly along the flow direction) and to vesicles which extend along the more-confined channel height. Therefore, our study highlights the different stability dynamics associated with these three types of interfaces. Our findings suggest that the erythrocyte deformation in asymmetric vessels (which is similar to that of capsules) results from the erythrocyte's inner spectrin skeleton rather than from its outer lipid bilayer.
Introduction
The study of the interfacial dynamics of articial or physiological capsules (i.e. membrane-enclosed uid volumes) in Stokes ows has seen an increased interest during the last few decades due to their numerous engineering and biomedical applications. Articial capsules have wide applications in the pharmaceutical, food and cosmetic industries. 23 In pharmaceutical processes, for example, capsules are commonly used for the transport of medical agents. In addition, the motion of red blood cells through vascular microvessels has long been recognized as a fundamental problem in physiology and biomechanics, since the main function of these cells, to exchange oxygen and carbon dioxide with the tissues, occurs in capillaries. 22 In the area of interest of the present paper, the study of the motion and deformation of capsules and biological cells in microuidic channels is motivated by a wide range of applications including drug delivery, cell sorting and cell characterization devices, [1] [2] [3] 5, 7, 15, 27 fabrication of microcapsules with desirable properties, 8, 17, 21, 26 determination of membrane properties, 19, 24 microreactors with better mixing properties, 4,32 and of course its similarity to blood ow in vascular capillaries.
22,23
Studying the shape of so particles in conned solid ducts, such as microuidic channels and blood microvessels, provides useful information on the utilization of these particles in chemical, pharmaceutical and physiological processes. For example, understanding the stability of so particle shapes provides helpful insight into the hydrodynamic aggregation and the effective viscosity of suspensions. 6 The deformation of articial capsules in microchannels is directly associated with drug delivery, cell sorting and cell characterization.
1,2 Furthermore, the deformability of red blood cells plays a pivotal role in the oxygen and carbon dioxide exchange between the microcirculation and the body tissues, 22 and helps identifying the effects of blood disorders and diseases. 3, 14, 27 The shape of capsules and biological cells in solid ducts is determined by the nonlinear coupling of the deforming hydrodynamic forces with the restoring interfacial forces of the particle membrane. Since the latter forces depend on the type of the so-particle interface, this suggests that different so particles (such as droplets, capsules, vesicles and erythrocytes) may obtain quite different shapes as they travel in a solid vessel.
In axisymmetric-like solid ducts, such as cylindrical and square channels, so particles commonly obtain steady-state bullet-like and parachute-like shapes, elongated along the ow direction. 6, 18, 25, 28, 35 The recent investigation of Coupier et al. 6 showed that in rectangular microuidic channels, vesicles obtain an unexpected croissant shape (relatively wider in the narrowest direction of the channel) owing to the development of a four-vortex pattern on the uid-incompressible vesicle membrane.
In this paper, we show that the capsule shape in a rectangular microuidic channel is quite different than that in a square or cylindrical channel. In the latter channels, the capsule extends along the ow direction only obtaining a bullet or parachute shape while in a rectangular channel it extends mainly in the less-conned lateral direction of the channel cross-section, i.e. the channel width, acquiring a pebble-like shape. The different shape evolution in these two types of solid channels is associated with the deformation of elastic capsules only and results from the different tension development on the capsule membrane needed for interfacial stability. Thus, in asymmetric channel ows, capsules show a different deformation compared to droplets with constant surface tension (which extend mainly along the ow direction) and to vesicles which extend along the more-conned channel height. 6 Our ndings also provide physical insight into the deformation of erythrocytes in rectangular microuidic channels (which also extend more along the less-conned channel width), 33 and suggest that the particular shape results from the inner cytoskeleton of the erythrocytes rather than from their outer lipid bilayer.
Problem description
We consider a three-dimensional capsule (with a spherical undisturbed shape and an elastic interface) owing along the centerline of a straight microchannel with a (constant) rectangular cross-section as illustrated in Fig. 1 . The capsule's interior and exterior are Newtonian uids, with viscosities lm and m, and the same density. The capsule size a is specied by its volume V ¼ 4pa 3 /3. The height of the channel's rectangular crosssection is l z and its width l y > l z . Far from the capsule, the ow approaches the undisturbed ow u N in a channel characterized by an average velocity U. (The exact form of the channel's velocity eld u N and its average velocity U is given in Section 2 of our recent paper on capsule motion in a square microchannel.
18
) We assume that the Reynolds number is small for both the surrounding and the inner ows, and thus the capsule deformation occurs in the Stokes regime.
In addition, we consider a slightly over-inated capsule made of a strain-hardening membrane following the Skalak et al. constitutive law 29 (and thus called Skalak capsule in this paper) with comparable shearing and area-dilatation resistance. This capsule description represents well bioarticial capsules such as the capsules made of covalently linked human serum albumin (HSA) and alginate used in the experimental study of Risso, Collé-Pailot and Zagzoule.
25
For a membrane with shearing and area-dilatation resistance considered in this work, the surface stress is determined by the in-plane stresses, i.e. Df ¼ ÀV s $ s which in a contravariant form gives
where the Greek indices range over 1 and 2, while Einstein notation is employed for (every two) repeated indices. , and b ab is the surface curvature tensor.
12,23
The in-plane stress tensor s is described by constitutive laws that depend on the material composition of the membrane. In this work, we employ the Skalak et al. law 29 which relates s's eigenvalues (or principal elastic tensions s P b , b ¼ 1, 2) with the principal stretch ratios l b by
Note that the reference shape of the elastic tensions is the spherical quiescent shape of the capsule while to calculate s P 2 reverse the l b subscripts. In eqn (2), G s is the membrane's shearing modulus while the dimensionless parameter C is associated with the area-dilatation modulus G a of the membrane (scaled with its shearing modulus).
23,29
We further consider that the capsule is subjected to a positive osmotic pressure difference between the interior and exterior uids, i.e. the capsule is (slightly) over-inated and thus prestressed. For this, we dene the prestress parameter a p such that all lengths in the undeformed capsule would be scaled by (1 + a p ), relative to the reference shape. 18 Since the capsule is initially spherical, its membrane is initially prestressed by an isotropic elastic tension s 0 ¼ s P b (t ¼ 0) which depends on the employed constitutive law and its parameters but not on the capsule size. For example, for a Skalak capsule with C ¼ 1 and a p ¼ 0.05, the undisturbed capsule size a is 5% higher than that of the reference shape and the initial membrane tension owing to prestress is s 0 /G s z 0.3401. It is of interest to note that a (small) prestress also acts as a bending resistance and thus removes the buckling instability at the capsule's lateral crosssection.
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The numerical solution of the interfacial problem is achieved through our interfacial spectral boundary element method for membranes, and the interested reader is referred to our earlier papers for more details on our spectral algorithm and our recent investigation on the capsule dynamics in a square microchannel. 12, 18 To verify the accuracy of our results, we performed convergence runs covering the entire interfacial evolution (i.e. well past steady state) with different spacial grids for several capsules and ow rates. Our convergence runs showed that our results for the interfacial shape, the capsule velocity, the additional pressure difference and the shear stress on the solid walls (including the channel corners) were determined with an accuracy of at least 3 signicant digits.
In our work we assume that the ow rate Q (or the average undisturbed velocity U) inside the channel is xed. In addition, in Sections 3 and 4 we consider a Skalak capsule with prestress a p ¼ 0.05 and membrane hardness C ¼ 1, moving in a rectangular channel with aspect ratio l y /l z ¼ 2. The effects of membrane hardness C, capsule prestress a p and channel's aspect ratio l y /l z are investigated in Section 5. The present problem depends on two additional dimensionless parameters: the capsule size (relative to the channel height) a/l z , and the capillary number Ca dened as
It is of interest to note that the capillary number, as dened by eqn (3), does not contain any length scale, and thus it may be considered as a dimensionless ow rate. In this study, if no scale is present, the channel's half-height l z is used as the length scale, the velocity is scaled with the average undisturbed velocity U, and thus time is scaled with l z /U, while the membrane tensions are scaled with G s .
The range of dimensionless parameters employed in our computational work (shown in To facilitate description of our results, we imagine that the channel is horizontal, as illustrated in Fig. 1 . Thus, the ow direction (i.e. the x-axis) corresponds to the channel's or capsule's length, the z-direction will be referred to as the height while the y-direction will be referred to as the width (of the channel or the capsule). Seeing the capsule from the negative y-axis, positive z-axis or negative x-axis represents a front view, a top view or an upstream view, respectively. In addition, we adopt the standard denition of geometric shapes (e.g. polygons). Thus we call the capsule's rear edge as convex when the radius of curvature at the middle of the rear edge points inside the capsule (i.e. the local curvature is positive); in the opposite case the edge shape is concave.
Effects of flow rate
In this section, we collect our steady-state results as a function of the ow rate Ca, for capsule motion in a rectangular microchannel with aspect ratio l y ¼ 2l z , and capsule sizes comparable to the channel's height l z . In particular, we consider Skalak capsules with size a ¼ 0.8, 0.9, 1.1 and for small-to-moderate capillary number Ca in the range [0, 0.2]. To obtain these steadystate results we initiate our computations from a spherical capsule (for a < 1) or an ellipsoidal capsule (for a > 1) at the channel centerline using viscosity ratio l ¼ 1 and compute the capsule dynamics until times t ¼ 10-20, i.e. well-past steady state which usually is achieved around time t ¼ 2-4.
Owing to the specic symmetry of the channel ow and the material interface (i.e. the elastic-solid membrane) of the capsule, at steady state there is no ow inside the capsule (in agreement with our computational results), and thus the steadystate capsule properties are independent of the inner viscosity or the viscosity ratio l. 18, 23 For the same reason, the membrane viscosity (if any), which is not accounted for in our computations, does not affect the capsule's steady-state properties. Fig. 2 shows different views of the steady-state capsule shape for capillary number Ca ¼ 0.05. Note that the three-dimensional capsule views presented in this paper were derived from the Table 1 Range of parameters studied in this work. The length scale is the channel's half-height l z , while if the channel's aspect ratio l y /l z is not specified, then our results are valid for l y /l z ¼ 2
Varying parameter
Fixed parameters actual spectral grid by spectrally interpolating to a denser grid (with N B ¼ 25 spectral points along each direction of each spectral element) and using orthographic projection in plotting. At this low ow rate, the capsule appears like a bullet if seen from the front as in Fig. 2(a) , i.e. the capsule downstream edge has become more pointed while its upstream edge has become atter but remains convex. Thus, this capsule view resembles the bullet-like shape observed in square and circular solid ducts at low ow rates. 18, 25 The explanation for the common behavior is straightforward if we consider the balance of the deforming hydrodynamic forces with the restoring membrane tension forces. That is, to balance the deforming hydrodynamic forces, the capsule tries to increase its downstream curvature and decrease its upstream curvature so that the total restoring tension force on the membrane is increased. In essence, this capsule deformation results from the curvature term in the membrane traction, eqn (1), as we identied in our earlier studies on capsule dynamics in planar extensional ows or in square channels.
11,12,18
The effects of the channel's cross-section asymmetry are seen from the other two directions, i.e. in Fig. 2 (b) and (c). Owing to the channel's rectangular cross-section, the capsule is extended along the less-conned width direction, and from the top, its shape appears like a pebble as seen in Fig. 2(b) . The capsule's width extension is also shown from the upstream direction where its shape appears like a attened ellipse, i.e. rectangularlike with rounded corners. A lateral dimple with negative curvature has also been developed at the capsule's upstream portion where the membrane is in proximity with the channel's top and bottom walls (owing to the strong local normal lubrication forces), as shown at the right of Fig. 2(b) . We emphasize that in the present study, the membrane tensions at steady state are always positive owing to prestress and thus negative curvature or dimples on the capsule interface cannot result from local negative tensions, i.e. interfacial dimples are pure hydrodynamic effects.
Clearly, the non-axisymmetric channel's cross-section has resulted in a highly non-axisymmetric, fully three-dimensional capsule shape which cannot be described from single-view observations as commonly happens in microuidic channels or based on axisymmetric or two-dimensional computations.
By increasing the ow rate to Ca ¼ 0.2, the capsule appears like a parachute from a front view as seen in Fig. 3(a) . The stronger hydrodynamic forces cause the capsule to obtain a more pointed downstream edge and a concave upstream edge (with a negative curvature). This shape increases the membrane interfacial forces required to balance the increased hydrodynamic forces as also happens in square and circular ducts.
18,25
However the capsule appears quite different if seen from the top; the capsule shape seems circular-like as shown at the le of Fig. 3(b) . In essence, the capsule has obtained now a pebble shape attened along the channel width with two wide upstream tails. Seeing the capsule from the upstream direction in Fig. 3 (c) reveals a greater width extension (compared to that for Ca ¼ 0.05); however this view does not provide information on the sign of the rear curvature, i.e. if the capsule rear is convex or concave.
The effects of the ow rate on the capsule shape is clearly shown in Fig. 4 where we plot the capsule proles (i.e. the crosssection of the capsule surface with the planes y ¼ 0, z ¼ 0 and x ¼ 0) for capillary number Ca ¼ 0.05, 0.1, 0.2. As the ow rate increases, the thickness h of the lubrication lm between the capsule surface and the solid walls in the more conned channel's height is increased as seen in Fig. 4(a) . This helps in the steady-state equilibrium by reducing the strong local lubrication forces in the ow direction which (per volume) scale as
where U x is the capsule velocity (see also Section 5 in ref. 18 and Section 3 in ref. 31) . For the highest ow rate studied, i.e. Ca ¼ 0.2, the capsule's concave upstream edge is accompanied by two pointed rear tails (close to the solid walls) as shown in Fig. 4(a) , and thus with the development of small local length scales. It is of interest to note that the capsule shape is attened along the channel's top or bottom walls in the capsule's upstream portion (i.e. from its centroid to its rear end) as seen in Fig. 4(c) . On the other hand, the capsule's downstream portion is ellipsoidal-like especially close to its front edge. Thus the capsule shape is fully three-dimensional mainly in its upstream portion.
We conclude this section by stating that the ow rate effects we have identied for the capsule size a ¼ 1.1 (i.e. slightly higher than the channel height l z ) are identical to those for moderate-size capsules (e.g. size a ¼ 0.8, 0.9) and thus these results are omitted.
A Comparison with droplet dynamics
Owing to the rather unexpected effect of the ow rate on the capsule shape in a rectangular microchannel (i.e. to increase the capsule extension in the less-conned lateral direction), we proceed now by investigating the corresponding effects on the droplet deformation. A droplet is also a deformable object but, in contrast to a capsule, its surface tension g remains constant. Thus, our goal here is to clarify the similarities and differences of droplet and capsule dynamics in rectangular microchannels.
To determine the droplet dynamics, we utilized both our explicit and the fully implicit time-integration spectral algorithms for droplets.
9,34 Our convergence runs showed that our droplet dynamics results were determined with at least 3 signicant-digit accuracy. We emphasize that our spectral boundary element method has also been used to study droplet motion in solid channels of different cross-sections and we have made successful comparisons with published experimental and computational results.
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For droplet motion, the capillary number is dened as Ca ¼ mU/g where g is the droplet's surface tension. In addition, the viscosity ratio l does affect the droplet shape even at steady state owing to the non-zero inner circulation. As the viscosity ratio l increases, the droplet deformation increases owing to the higher inner hydrodynamic forces. Since our droplet results for l ¼ 1, 5 are qualitatively similar, we only present our results for l ¼ 1 droplets.
As seen in Fig. 5 (a) the droplet's y ¼ 0 prole changes from bullet-like to parachute-like as the ow rate increases, similarly to what happens for a capsule shown earlier in Fig. 4(a) . Thus at high enough Ca, the droplet's rear edge also becomes concave with a negative curvature. However, the droplet does not develop very pointed tails at its upstream section in proximity to the solid walls. Furthermore, the ow rate increase causes a signicant droplet extension along the ow direction which results in a different z ¼ 0 prole (compared to that for a capsule) as shown in Fig. 5(b) . Even the droplet's x ¼ 0 prole along the channel cross-section is not so attened but it is more elliptical as seen in Fig. 5(c) .
The signicant differences in the shape of capsules and droplets are clearly shown in Fig. 6 where we plot threedimensional views of the droplet shape for capillary number Ca ¼ 0.3. This ow rate causes the same rear concavity (i.e. the same negative curvature at the rear edge) as for the capsule with Ca ¼ 0.2 shown earlier in Fig. 3 .
Our capsule-vs.-droplet conclusions are quantied in Fig. 7  and 8 where we plot the steady-state lengths and the tail curvature as a function of the capillary number Ca for these two deformable particles. Fig. 7 shows that as the ow rate increases, both deformable particles are restricted similarly along the channel's more conned height direction, i.e. their height L z is reduced similarly. However, to accommodate the higher hydrodynamic forces, the droplet extends mainly along the ow direction (i.e. higher length L x ) while the capsule extends rather unexpectedly along the channel's less conned width direction (i.e. higher width L y ). Fig. 8 shows the steady-state maximum curvature C max xz as a function of the ow rate for the two so particles. Observe that C max xz is a line curvature, determined along the interfacial crosssection with the y ¼ 0 plane, and takes on positive values for the spherical quiescent shape where C max xz ¼ a À1 . Thus, for the problem studied in this paper, this curvature represents the local curvature at the interfacial tail developed in the particle upstream portion near the channel walls, as seen in Fig. 4(a) and 5(a). Clearly, the tail curvature is much higher for a capsule than for a droplet, and thus at their rear tails capsules develop pointed local areas characterized by a local length scale (or radius of curvature) which is of O(30) smaller than the capsule size.
B Reasoning for the capsule deformation
The explanation for the different shape development between a droplet and a capsule in a rectangular channel lies on the tension development on the capsule membrane. Excluding the prestress tension s 0 , a capsule does not have membrane tensions at the quiescent spherical condition. Membrane tensions develop as the capsule deforms due to the external ow; they may grow locally under extension dynamics or decay under local compression. In a rectangular channel, a so particle (with a size comparable to the channel's height) causes a signicant ow blocking along the channel height; however its blocking is much smaller along the channel width. As the ow rate increases, the particle height L z is decreased owing to the stronger normal hydrodynamic forces in the small gap between the particle surface and the channel's top and bottom walls.
For a droplet with constant surface tension g, the increased ow rate and the height reduction L z cause a signicant extension L x along the ow direction, i.e. both the particle's height reduction and length extension are pure hydrodynamic effects. However, the droplet's constant surface tension creates strong lateral interfacial forces which are able to balance the lateral ow forces; thus the droplet is not extended much along its width.
For the case of a capsule, the increased ow rate and the height reduction cause also the capsule to extend along the ow direction. Thus, along its lateral cross-section, the membrane develops stabilizing tensions pointing in the ow direction. At the same time, the ow forces also extend the capsule along the less-conned width direction owing to the initial weak lateral tensions. This lateral extension results in tension development (pointing in the lateral direction) while the width extension ceases when the lateral membrane tensions grow strong enough to withstand the deforming hydrodynamic forces. Therefore, both the capsule's length and width extensions contribute to increased membrane tensions and thus to the interfacial stability. The greater width extension compared to the length extension reveals the membrane preference in developing strong lateral tensions and clearly shows that the capsule dynamics is a three-dimensional phenomenon. In essence, the capsule's width extension resembles the lateral extension of capsules in planar extensional ows which also builds strong lateral tensions.
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To support our reasoning, in Fig. 9(a) we plot the steady-state distribution of the two principal tensions, s P F and s P L , on the membrane cross-section with the plane x ¼ x c , i.e. the x-coordinate of the capsule centroid. Observe that the tensions s P F point mainly towards the ow direction while the tensions s P L point mainly in the lateral direction. Owing to the capsule's ow extension, the associated tensions s P F have been increased signicantly with respect to the prestress tension s 0 of the spherical shape. However, the capsule's width extension also creates local extension on the membrane in the lateral direction. Thus the lateral tensions s P L are also increased everywhere along the capsule lateral cross-section and especially at the locations of the highest width extension, as seen in Fig. 9(a) .
Even though the ow-oriented tensions s P F are higher than the laterally oriented tensions s P L , both of them contribute signicantly to the capsule stability since the membrane forces also include the associated interfacial curvatures. That is, as suggested by the curvature term in eqn (1), the restoring membrane normal stress f n m along the capsule's lateral crosssection can be approximated by
where C F and C L are the interfacial curvatures along the ow and lateral directions, respectively. In general, C L > C F and thus both normal stress components contribute to the capsule stability along its cross-section. It is of interest to note that in a square or cylindrical channel, the required tension development results only from the capsule extension along the ow direction, i.e. the only direction which is not conned by the solid walls. In particular, the lateral membrane tensions are decreased owing to the compression dynamics associated with the reduction of the capsule's lateral dimensions in these solid ducts. Both effects on the cross-section principal tensions are shown in Fig. 9(b) based on the results of our earlier work for capsule motion in a square channel. 18 This constitutes a major difference in the membrane stability for a capsule moving in an asymmetric or symmetric solid duct. Note that in Fig. 9 , the sinusoidal-like variation of the membrane principal tensions, s P F and s P L , with the azimuthal angle f results from the fact that, in a square or rectangular channel, the local ow stresses near the middle of the channel walls are different than those at the channel corners. This creates varying local extension on the capsule membrane and thus varying tensions with the azimuthal angle f. Owing to the cross-section asymmetry, the period of this variation in a rectangular channel is obviously twice that in a square channel.
The membrane's tension evolution also explains the much more pointed tails developed at the upstream portion of the capsule compared to the droplet tails. For both so particles, the restoring tension forces (which are required to balance the deforming ow forces) result from both the local tension and the local curvature, e.g. the curvature term in eqn (1) or (5). Our computations show that at the capsule tail, local compression occurs and thus there the membrane tensions become weaker as the ow rate increases. Therefore, the capsule needs to increase the tail curvature signicantly to produce a strong enough local interfacial force. On the other hand, on the droplet interface, the surface tension g remains constant and thus a sufficiently strong local surface tension force results from a smaller local curvature.
Effects of capsule size
In
The effects of the capsule size a on the steady-state capsule dimensions and proles are shown in Fig. 10 and 11 , respectively. For small capsule sizes a ( 0.4 the hydrodynamic forces associated with the ow rate Ca ¼ 0.2 are weak and cause minimal deformation. Thus the capsule remains nearly spherical with L x z L y z L z z 2a and circular proles. For moderate capsule sizes 0.5 ( a ( 0.7, the length L x and the height L z of the capsule are practically equal to their undisturbed value 2a. However, now the hydrodynamic forces are stronger owing to the smaller gap between the capsule interface and the solid walls, and cause the capsule to deform into a bullet-like shape with a pointed downstream edge and a attened, convex rear as shown in Fig. 11(a) . Most important, the capsule extends in the less-conned channel width and thus the capsule width L y becomes larger than its other two dimensions as seen in Fig. 10 . For higher capsule sizes a T 0.8, the capsule surface is in proximity to the channel's top and bottom walls. Thus, the capsule height L z is restricted owing to the strong normal lubrication forces in the narrow gap between the capsule surface and the solid walls. For these capsules, the capsule length L x starts to increase in order to accommodate the capsule's larger volume; however it always remains smaller than the capsule width L y as seen in Fig. 10 .
Looking at the x ¼ 0 prole of the different capsules included in Fig. 11(c) , we observe that the capsule remains axisymmetric until a z 0.4. At higher sizes, the increase of the capsule width L y causes the capsule's x ¼ 0 prole to become rectangular-like with rounded corners, especially for the larger capsules we studied where the capsule interface becomes parallel to the channel's top and bottom walls, as seen in Fig. 11(c) . Therefore, for moderate and especially for large sizes, the capsule deformation is highly affected by the duct's rectangular cross-section and thus the capsule shape deviates signicantly from that in a square or cylindrical channel.
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As the capsule size increases, the smaller gap between the capsule and the channel's top and bottom walls creates stronger hydrodynamic forces. To increase the downstream membrane forces needed for interfacial balance, the capsule front becomes more pointed along the y ¼ 0 prole and thus the downstream edge curvature C d xz is increased, as shown in Fig. 11(a) and 12(a) . However, the edge curvature C d xy along the z ¼ 0 prole remains practically unchanged as seen in Fig. 12(a) since the capsule front does not cause signicant ow blocking along the (wider) channel width. The three deformation regimes identied based on the capsule dimensions result in three distinct regimes with respect to the shape of the capsule rear. For small capsule sizes a ( 0.4, the capsule rear is spherical-like as shown in Fig. 11(a) and (b) . For moderate capsule sizes 0.5 ( a ( 0.7, the increased hydrodynamic forces make the capsule rear atter but still convex in both the front and top view, i.e. the y ¼ 0 and z ¼ 0 proles, as seen in Fig. 11(a) and (b) . Therefore, both rear curvatures C u xz and C u xy decrease but remain positive; see Fig. 12(a) . This increases the net membrane forces on the capsule by reducing the adverse upstream membrane force. In essence, the capsule shape is a attened bullet, extended along the channel width.
For higher capsule sizes a T 0.8, to account for the stronger lubrication forces in the narrow gap along the channel height, the capsule obtains a parachute-like front view (or y ¼ 0 prole) with a concave upstream shape which produces a positive upstream membrane force (see Fig. 11(a) and 12(a) ). However, along the less-conned channel width, the capsule rear still appears like a bullet, with a convex shape and positive curvature C u xy , owing to the smaller deforming hydrodynamic forces along this direction. Therefore for these sizes, the capsule has obtained a attened pebble shape with two pointed upstream tails.
For the larger capsules studied in this work, the strong lubrication forces in the narrow gap between the capsule surface and the channel's top and bottom walls, cause the development of upstream pointed tails (in proximity to the solid walls) as shown in the proles included in Fig. 11(a) . Thus the tail curvature, represented by the curvature C max xz in Fig. 12(b) , increases signicantly with the capsule size. As explained in Section 3B, these pointed tails result from the decrease of the local membrane tensions, and thus the need for the capsule to increase the tail curvature signicantly to produce strong enough local interfacial forces. 
Effects of membrane hardness, prestress and channel asymmetry
In this section we consider briey the effects of the membrane hardness, capsule prestress and channel's aspect ratio on the deformation of the elastic capsule. The goal of this section is to investigate the effects of these parameters on the main conclusion of this work, i.e. the fact that a capsule in a rectangular channel extends mainly along the less-conned channel width. Fig. 13 focuses on the deformation of strain-hardening Skalak capsules with increasing membrane hardness (i.e. C ¼ 0.5, 1, 2, 5) and the same initial prestress tension s 0 /G s z 0.3401. As the membrane hardness increases, its increased area-dilatation modulus creates stronger locally isotropic tensions and thus tries to make the deformed capsule shape more axisymmetric-like. (See the isotropic term containing the membrane hardness C at the right-hand-side of the Skalak et al. law in eqn (2).) Thus, as seen in Fig. 13(b) , at steady state both the reduction of the capsule height L z and the increase of its width L y are decreased with C, and thus the capsule length L x is increased to accommodate the same capsule volume. Nevertheless, even the most strain-hardening Skalak capsule we studied shows mainly an extension along the less-conned channel width and thus an increased width L y .
As the capsule prestress parameter a p increases, the increased prestress tension s 0 acts as an additional restoring interfacial force and thus reduces the deformation of the capsule for a given ow rate Ca, as shown in Fig. 14 . However, the capsule asymmetry along the two channel's lateral directions is preserved while the capsule is mainly extended along the less-conned channel width. It is of interest to note that the reduction (or complete elimination) of the capsule prestress increases signicantly the capsule's asymmetric deformation and thus the growth of the capsule width L y (relative to its height L z ). Via this lateral extension, the capsule builds strong lateral membrane tensions necessary for interfacial stability, as discussed in Section 3B.
We conclude this session by stating that the capsule's lateral extension is also present in rectangular channels with varying aspect ratio l y /l z , as shown in Fig. 15 . Therefore, this property represents a general feature of the deformation of elastic strainhardening capsules in rectangular channels with comparable sizes, a and l z . In essence, in these duct ows, capsules show a different deformation compared to droplets with constant surface tension (which extend mainly along the ow direction) and the vesicles which extend along the more-conned channel height. 6 
Conclusions
In this paper we have investigated computationally the deformation of an elastic capsule in a rectangular microuidic channel and compared it with that of a droplet. In particular, we have considered an elastic capsule made of a strain-hardening membrane (following the Skalak et al. constitutive law) with comparable shearing and area-dilatation resistance. Our investigation involves low-to-moderate ow rates with capillary number Ca ¼ O(0.1) and capsule size a comparable or smaller to the channel's narrowest direction (height). This study is motivated by a wide range of applications including drug delivery, cell sorting and cell characterization devices, microcapsule fabrication, determination of membrane properties, and of course its similarity to blood ow in vascular capillaries.
Our investigation shows that the capsule shape in a rectangular microuidic channel is quite different than that in a square or cylindrical channel where the capsule extends along the ow direction obtaining a bullet-like or parachute-like shape.
18,25 By contrast, in a rectangular channel the capsule extends mainly along the less-conned lateral direction of the channel crosssection (i.e. its width) obtaining a pebble-like shape. The different shape evolution in these two types of solid channels results from the different tension development on the capsule membrane required for interfacial stability. In a square or cylindrical channel, the required tension development results only from the capsule extension along the ow direction, i.e. the only direction which is not conned by the solid walls. However, in a rectangular microchannel, the capsule lateral extension also results in tension development, and thus both the capsule's ow and lateral extensions contribute to the interfacial stability. The greater width-to-length extension of the capsule in a rectangular channel reveals the membrane preference in developing strong lateral tensions and clearly shows that the capsule dynamics is a three-dimensional phenomenon.
12
Therefore, the channel's cross-section asymmetry results in a highly non-axisymmetric, fully three-dimensional capsule shape (as shown in Fig. 2 and 3 ), which cannot be described from single-view observations as commonly happens in microuidic experiments or based on axisymmetric or two-dimensional computations. It is of interest to note that seeing the capsule only from the channel height (as it may happen in a microuidic experiment) provides misleading information since from this view the capsule still resembles a bullet or a parachute. To overcome this issue, experimental studies may work with two sets of rectangular microuidic channels so that they are able to observe the so particles from both the channel's width and height.
In addition, our work shows that the capsule deformation in a rectangular microchannel is different from that of droplets with constant surface tension (which extend mainly along the ow direction) and of vesicles which extend along the more conned channel height owing to the development of a fourvortex pattern on the uid-incompressible vesicle membrane.
6
In essence, our study highlights the different stability dynamics associated with these three types of interfaces, i.e. constant tension interface of a droplet, capsule membrane (with comparable shearing and area-dilatation resistance), and the local-incompressible vesicle membrane with no shearing resistance.
It is of interest to note that our conclusions are not restricted to articial capsules but should also represent physiological capsules, such as erythrocytes, for the same physical reasons. For example, in their experimental study on the viscoelasticity of the erythrocyte's membrane, Tomaiuolo et al. 33 reported that in rectangular microuidic PDMS channels, erythrocytes obtain a more attened shape elongated along the less-conned channel's width. (See also the experimental photos in Fig. 6(a) of the earlier study.) We note that the erythrocyte membrane consists of an outer lipid bilayer (which is essentially a twodimensional incompressible uid with no shearing resistance as in vesicles) and an underlying spectrin skeleton (which exhibits shearing and area-dilatation resistance like the elastic membrane of common articial capsules). 13, 16, 30 Therefore, our ndings suggest that the similar erythrocyte deformation in rectangular microchannels (and more general in asymmetric vessels) results from the erythrocyte's inner spectrin skeleton rather than from its outer lipid bilayer.
